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1 2 3 4 5 & 7 8§ § 10 12 14 16 13 20 time
no.of customers 4 customer
throughput = ——=—=0.2 —_—
total service time 20 sec

Busy period = 16 sec

) ) busy period 16 sec
mean service time = =—= _
no.of customers 4 customer
tilizati 16 0.8
utilization = — = 0.
20
waiting in system = T = 6.75 sec

27
mean of length queue = 50" 1.35 customer
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#include <stdio.h>

double rand_val(void);

void main(void)

{

int total, i, s1, s2, s3, sum, count[4];

total = 1000000;

count[0] = count[1] = count[2] = count[3] = 0;
for (i=0; i<total; i++)

{
sum=s1=s2=s3=0;
if (rand_val() <0.10)s1=1;
if (rand_val() <0.10)s2 = 1;
if (rand_val() <0.10) s3=1;
sum =51 +s2 +5s3;
count[sum]++;

}

printf("Pr[0 down] = %f \n", (double) count[0] / total);
printf("Pr[1 down] = %f \n", (double) count[1] / total);
printf("Pr[2 down] = %f \n", (double) count[2] / total);
printf("Pr[3 down] = %f \n", (double) count[3] / total);
}

The output from this program is:
Pr[0 down] = 0.729539
Pr[1 down] = 0.242726
Pr[2 down] = 0.026753
Pr[3 down] = 0.000982
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Solution: Let W,, be the number of packets arriving in interval [1,n].
1. We want to find the following probability
P{W;p =3, Wy = 6, Wy = 12},
which is equal to
P{Wap = 3, Wao — Wap = 3, Wsg — Wyo = 6}
By the independence property of the Bernoulli process this is equal to

P{“"gn = 3}P{[11n - Hr"zn = 3}[‘1{“"&[: - Hm = f!}

Mow, by the fresh start property of the Bernoulli process
P{Wip — Wap = 3} = P{Wy = 3}, and
P{Wgp — Wy = 6} = P{Wyy = 6}
Thus
P{Wag = 3, Wig = 6, Wag = 12} = (P{Wag = 3})” x P{Wyo = 6}

Mow, using the Poisson approximation of Binomial, we have

(1.8)3

ol e~ 1% = 0.1607

P{Wa =3} = (T )m.nm”{n.ﬂu” ~

. 40 . 31.6)% .
P{Wy =6} = (f, )[n.n.f.r}“m.my-*'i = %r“ = (.0826
¥ I

Thus

P{Wag = 3, Wyp = 6, Wy = 12} = (0.1607) x 0.0826 = 0.0021



2. The probability that one or more packets are dropped in a time interval of
length n = 101 is

104

1'_1{“_.--”:'_i ~ ]_ﬂ:i} — Z (121)[['}-”9}!1(“‘91}“}4_“

n=1001

Difficult to compute, but we can use the CLT!

4
Since Wyge = Y10, X; and E(X) = 0.09 and 6% = 0.09 x 0.91 = 0.0819,
we have

1 i{xt-—u.ngj _ _10° —900
1004 00819 ~ 10010.0819

10"
P{Y Xi>10°p =P
i=1

1 (X; — 0.09)
=P{—Y L _—""+35

)3 0286 o7
~Q(3.5)=2x 10"
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constructing a CTMC (model 1 : DTMC with
Exponential Transition Times)

* Markov process, transition rates q;; equilibrium
probabilities 7,

* Embedded Markov chain, transition probabilities p; ;

* equilibrium probabilities T; s
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Ergodicity

Ergodic process

In many cases, an ensemble of random processes cannot be
obtained.

If parameters of a random process can be found from a single
observation of the process, the process is said to be ergodic.

Mean ergodic
Distribution ergodic, etc.

Time average Ensemble average

1 5 _
(X(0), = e jf X (1)dt E[x(n]=X
Py 3 Ml

Independence of the scheduling discipline

For the M/M/1-FIFO queue we have derived the queue length distribution 7, =(1— p)p”.
* This distribution is independent of the scheduling discipline (FIFO, LIFO, PS),

— all these scheduling disciplines lead to exactly the same balance equations (proof is

left as an exercise)

* Thus also the mean time in system, £L 71 =1/(«—A). js independent of the discipline

(by Little’s result the mean time in system equals the mean queue length divided by

* |n the contrast, e.g. the distributions of W and T do depend on the discipline.

Note. The queue length distribution is not insensitive to the service time distribution in an
M/M/1-FIFO queue. However, in LIFO and PS queues the insensitivity holds.
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F:\drive D\Courses tehran\performance\spring 96-98\khonsari 98\banks python heydari ch
11\books banks\book Banks nicol Discrete-Event System Simulation 5th 2013.pdf

EXERCISES

1. A tool crib has exponential interarrival and service times and serves a very large group of
mechanics. The mean time between arrivals is 4 minutes. It takes 3 minutes on the average for a
tool-crib attendant to service a mechanic. The attendant is paid $10 per hour and the mechanic
is paid $15 per hour. Would it be advisable to have a second tool-crib attendant?

268

F:\drive D\Courses tehran\performance\simulation exam\Banks carson nelson nicol Solution
4th.pdf

6.1 The tool crib is modeled by an M/M/c queune (A = 1/4,p = 1/3,¢ =1 or 2). Given that attendants
are paid $6 per hour and mechanics are paid $10 per hour,

Mean cost per hour = $10¢ + $15L
assuming that mechanics impose cost on the system while in the gqueue and in service.
CASE 1: one attendant - M/M/1 (e =1,p = Afp =.75)
L = p/(1 = p) = 3 mechanics
Mean cost per hour = $10(1) + $15(3) = $55 per hour.
CASE 2: two attendants - M/M/2 (e =2,p = Afep = .375)

L=cp+ [(cp) ' Ro] [ [e(e)(1 = p)?] = .8727,
where

c—1
Pu={ > (ep)" /!

n=(0

-1
+ [(ep)1/e)(1/(1 - pm} = 4515

Mean cost per hour = §10(2) + 315(.8727) = $33.09 per hour

It would be advisable to have a second attendant because long run costs are reduced by $21.91
per hour.
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E[W]=62.75 E[H]=52.75 E[WH]=3355.83
Cov(W,H)=E[WH]-E[W]E[H] =3355.83-(62.75)(52.75)=45.77 (positive correlation)

Weight (kg) | Height(in) | W-H
64 57 3648
71 59 4189
53 49 2597
67 62 4154
55 51 2805
58 50 2900
77 55 4235
57 48 2736
56 42 2352
51 42 2142
76 61 4636
68 57 3876
_70 -
b
E 60 A
550'
o
T 40 ‘ : ‘ -
45 55 65 75 85

Weight W (kilograms)
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Cov(2.2W,2.54H)=E[2.2W*2.54H]-E[2.2W]E[2.54H] =18752.38-
(138.05)(133.99)=255.06 (positive correlation)
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A.p(X,Y) =1
B.p(X,Y) = -1
C.p(X,Y) =0
D. Other

1BY=—2X+b
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Y = 1 ifX=0
0 otherwise
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Var(X+Y) =Var(X) + 2Cov(X,Y) + Var(Y) =0

<l
Var(X+Y)=Cov(X + YV, X +Y) var(X) = Cov(X,X)
— CoV(X, X) + Cov(X, ¥)+ Cov(¥, X)+ Cov(Y,y) ~ corancect
= Var(X) + 2 - Cov(X,Y) + Var(Y) S . ) o e

Sl ) S pa 4 B A e

Var Zn:Xi zVar(X)+ZZ Z Cov (X;, X;)

i=1 i=1 i=1j=i+1
<Ll
) co &
(O‘ ‘(\l al At
n \JE coN e n n o Wa\‘: n
Var ZX, = Cov ZXI- ZX‘ ZZZCOV(XL X;)
i=1 =1 =1 =1 4=1
T n ki3
_ Symmetry of covariance
= Z\"ar(xe} + Z Z Cov (X, X;) Cov(X, X) = Var(X)
=1 i= j=1 f£i
"
Z Var(X;) + 2 Z Cov (XL,X ) Adjust summation bounds
i=1 i=1 f=i+1

T30 (a0 8y Lo aaie L) &) a3 (358 daal 5



e i)y XY, Z 4l Jaalal paade Yool g Jlaisl )5 50 Jas

fans Zuly ) Sl g 4

X=1 X=2 X=3 X=4 X=5 X=6

Y=1| .006 .000 .000 .000 .000 .000
Yy=2|.155 .069 .034 .006 .023 .029

Z=0 Yy=3|.092 .063 .023 .006 .006 .000
Y=4| .017 .029 .011 .006 .000 .000
Yy>5].029 .006 .011 .006 .000 .000

Yy=1| .000 .000 .000 .000 .000 .000
Yy=21|.126 .040 .017 .017r .000 .017

721 Yy=3]| .046 .040 .006 .011 .000 .006
Y=4]| .006 .006 .000 .000 .000 .000
Y>5][.006] .000 .017 .0112 .000 .000

1- P(Y>5X=12=1)
(.006) Ui 3 o sala (L a1 52
2- P(Z=z|X=x)
s Gy (i QB o)) ada gy e Jlaial @581 (laial
3- PX=x|Z=2)

g Gy (oo QB jo ) ada g e Jdial 580 laial

S Ny oy P(X = x,Z = M)glsi e 5 pftmi dpdla 40 1) Y Ghlal e 3l il 1) 92
X=1 X=2 X=3 X=4 X=5 X=6
Z=0 299 167 .080 .023 .029 .029
Z=1 184 1086 .040 .040 .000 .023

Gl 0,184 Jsia Gidae () JBe aS M AL P(X = 1,Z = 1) b (e Jsm 40 ) siae (558 a3 SS 4y

LGy, P(X=x|Z2=2)sP(Z =z|X =x) s g5 n)hils) S a4 puw

P(Z=zX=x)

PZ=z|IX=x)= P Ren)



P(Z=0,X=1) .299

P(Z=0|X=1)= == = 61

( 0l ) P(X=1) .299 + .184 619

P(Z—1|X—1)—P(Z=1'X=1) 184 281
B 7 PpX=1)  .299+4.184

| X=1 X=2 X=3 X=4 X=5 X=6

z=0 | .619 .659 .667 .364 1.000 .556
z=1 | .381 .341 .333 .636 .000 .444

PX=x,7Z=2)

PX=x|Z=2z)=

P(Z = z)

P(X_llz_o)_P(X=1,Z=O)__ .299 _.299_477
B 7 pP(Z=0)  .299+4.167 +.080 +.023 +.029 + 029 ~ .627
P(X_llz_l)_P(X=1,Z=1)__ .184 _.184_493

B Y p(Z=1) = .184 +.086 +.040 +.040 +.000 +.023 ~ .373

| X=1 X=2 X=3 X=4 X=5 X=6

z=0 | 477 266 .128 .037 .046 .046
z=1 | 493 .231 .108 .108 .000 .062



